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1. Introduction 

The superconformal algebras, closely related the conformal field theory and the string the- 
ory, play important roles in both mathematics and physics supplying the underlying sym- 
metries of string theory. It is well known that the N = 2 superconformal algebras include 
four sectors: the Neveu-Schwarz sector, the Ramond sector, the topological sector and the 
twisted sector. There are many researches about these algebras (see [1, 2, 5, 6, 11, 19] and 
the reference cited therein). All sectors are closely related to the Virasoro algebra and the 
super- Virasoro algebra which play great roles in the two-dimensional conformal filed. 

Lie bialgebras was introduced in 1983 by Drinfeld (see [3, 4]) during the process of investigat- 
ing quantum groups. There appeared several papers on Lie bialgebras and Lie superbialgebras 
(e.g., [14, 15, 17, 22]). In [14]-[17], the Lie bialgebra structures on Witt and Virasoro algebras 
were investigated, which are shown to be triangular coboundary. Moreover, the Lie bialgebra 
structures on the one-sided Witt algebra were completely classified. 

In [7, 12, 23], the Lie superbialgebra structures on the N = 2 superconformal twisted, 
topological, Ramond algebras were investigated case by case with complicated computations. 
Clearly, the above superalgebras and the N = 2 superconformal Neveu-Schwarz algebra all 
include the centerless twisted Heisenberg- Virasoro algebra (see Section 2.2 for the definition) 
as a subalgebra. It is naturally to consider such questions based on the related results of the 
twisted Heisenberg- Virasoro algebra. 

As the above considerations, we study the Lie superbialgebra structures on the N = 2 
superconformal Neveu-Schwarz algebra L in this paper. Successfully, we provide a very simple 
method (no need some complicated calculations as in [7, 12, 23]) to determine the structure of 
if 1 (£, £ <S> C) based on such results for the twisted Heisenberg- Virasoro algebra in [13]. With 
our considerations, the original proofs in [7, 12, 23] can be great simplified. Throughout the 
paper, we denote by Z, C the set of all integers, complex numbers, Z + (resp Z*) the set of 
all nonnegative (resp. nonzero) integers. 



2. Preliminaries 

2.1. Lie super-bialgebras. Firstly, let us recall some related definitions. Let L = Lq® L\ 
be a vector space over C. If x G L[ x ], then we say that x is homogeneous of degree [x] and we 
write degx = [x]. Denote by r the super-twist map of L © L, i.e., 

r(x <g> y) = (-l) [a:1[2/] y <8> x, V x,y E L. 

For any n G N, denote by L® n the tensor product of n copies of L and £ the super-cyclic map 
cyclically permuting the coordinates of L® 3 , i.e., 

f = (1 © r) • (r © 1) : Xi © x 2 © x 3 ^ (-l^KM+ND^ ® Xs ® Xl; V a* G L, % = 1, 2, 3, 

where 1 is the identity map of L. Then the definition of a Lie superalgebra can be described in 
the following way: A Lie superalgebra is a pair (L, </?) consisting of a vector space L = Lq © Lj 
and a bilinear map y? : L © L — >■ L satisfying: 

(p(Lj,Lj) C L^+j, 

Ker(l -r) C Ker^, (2.1) 

^•(i®v?)-(i + £ + £ 2 ) = o. 

Meanwhile, the definition of a Lie super-coalgebra can be described in the following way: A 
Lie super-coalgebra is a pair (L, A) consisting of a vector space L = Lq © Lj and a linear map 
A : L — > L © L satisfying: 



A(Lj)c £Lj©A_j, 



(2.2) 



Im A C Im(l - r), 
(l©l + £ + £ 2 )-(l© A)-A = 0. 
Now one can give the definition of a Lie superbialgebra, which is a triple (L, if, A) satisfying: 

(i) (L, <f) is a Lie superalgebra, 

(ii) (L, A) is a Lie super-coalgebra, 

(iii) Aip(x ©y) = x * Ay - (-l) [x][y] y * Ax V x,y G L, 
where the symbol "*" means the adjoint diagonal action 

x*(Ecn®bi) = J2([x,a i }®b i + (-l) [x]M a i ®[x,b i }), Vi.oJ.eL, (2.3) 

i i 

and in general [x, y] = tp(x © y) for x,y G L. 

Denote by ti{L) the universal enveloping algebra of L and A\B = {x\x G A, x B} 
for any two sets A and 5. If r = © 6j G L © L, then the following elements are in 

U(L) ®U(L) ®U(L) 

r 12 = © 6, © 1 = r © 1, r 23 = £)1 © a, © 6j = 1 © r, 

i i 

r U = E«i © 1 © &i = (1 © r)(r © 1) = (r © 1)(1 © r), 

i 
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while the following elements are in L © L <g> L 

[r 12 ,r 23 ] = Y f a i ®[b i ,a j ]®b j , 

[r 12 ,r 13 ] = E(-l) MN K%]®^®^, 

hi 

[r 13 ,r 23 ] = £(-l)»l a . ® % © [6,, ft,-]. 

Definition 2.1. ^4 coboundary superbialgebra is a quadruple (L, tp, A, r), where (L,ip,A) 
is a Lie superbialgebra and r G Im(l — r) C L © L snc/i £/ia£ A = A r is a coboundary of r, 
i.e., 

A r (x) = (-l)MWa: * r, V x G L. (2.4) 

(ii) A coboundary Lie superbialgebra (L,ip, A, r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation 

c (r) := [r 12 , r 13 ] + [r 12 , r 23 ] + [r 13 , r 23 ] = 0. (CYBE) (2.5) 

Let V — Vq © V\ be an L-module where L = Lg © Z4. A Z 2 -homogenous linear map 
d : L — >■ V is called a homogenous derivation of degree [d] G Z 2 , if <i(Lj) C (Vie Z 2 ), 

= (-l) m :r*c%) - (-l) [j,1([d|+[a:]) y * ci(x), Vx,i/GL. (2.6) 

Denote by Der^L, V) (i = 0,1) the set of all homogenous derivations of degree i. Then 
the set of all derivations from L to V Der(L, V) = Derg(L, V) © Deri(L, V). Denote by 
Inn-(L, V) (i — 0, 1) the set of homogenous inner derivations of degree i, consisting of a inn , 
a G Vj, defined by 

ainn : x ^ (-l) [a][x] x*a, V16I. (2.7) 

Then the set of inner derivations Inn(L, V) = Inng(L, V) © Innj(L, V). 

Denote by H l (L, V) the first cohomology group of L with coefficients in V. Then 

H\L, V) Der(L, ^)/Inn(L, V). 

An element r in a superalgebra L is said to satisfy the modified Yang-Baxter equation if 

x * c (r) = 0, ViGi. (MYBE) (2.8) 

The following result for the non-super case can be found in [17] while its super case can be 
found in [23]. 

Lemma 2.2. Let L be a Lie superalgebra, r G Im(l — t) C L © L with [r] = 0. Then 

{l + i + i 2 )-{l®A r )-A r {x)=x*c{r), ViGi. (2.9) 
Thus (L, [•,•], A r ) is a Lie superbialgebra if and only if r satisfies (MYBE) (see(2.8)). 
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2.2. The N = 2 superconformal Neveu-Schwarz algebra. As a vector space over C, 
the N = 2 superconformal Neveu-Schwarz algebra £ has a basis {L m , I m ,Gf \ m G Z,r G 
Z + 1/2}, with the following relations: 

[L m , L n \ = {m- n)L n+m + ^(m 3 - m)C, (2.10) 

[An>-4] — -^^m+n,oC ? [L m , I n ] = ~nl m + n , (2-H) 

zb zb zb zb 

[L m , G r ] = (— — r)G r+m , [I m , G r ] = ±G m+r , (2-12) 

[G+ GJ] = 2L(r + a ) + (r - s)I(r + s ) + I(r 2 - i)5 r+s ,oC, (2.13) 
[Gf,Gf] = 0, (2.14) 

for m, n G Z , r, s G | + Z . 

Denote by £ the centerless Lie superalgebra of £, then £ is the universal central extension 
of £. Obviously, £ is Z 2 -graded: £ = £q © £-, with 

£g = span c {L m , I m \ m G Z}, £ x = span c {G± | r G Z + -}. (2.15) 

Clearly, £g is the centerless twisted Heisenberg-Virasoro algebra, and W = C{L m | m G Z} 
is the Witt algebra. Moreover, G ± = C{Gf \ r G Z + |} are £o _m °dules. 

For any a, a^, j3, ft, 7, 7^ G C, one can easily verify that the linear map g : £q — >■ £q ® A) 
defined below is a derivation: 

£>(L n ) = (na + 7)7 4 + (na f + 7 f )4 ® 4, 

Denote "D the vector space spanned by the such elements g over C. From Theorem 3.2 and 
Corollary 4.5 in [13], we have following propositions. 

Proposition 2.3. [13] H\£q, £5 <g> £ 5 ) = £>■ 

Proposition 2.4. [13] if G ± <g> G ± ) = ff ^o, C ± <g> G^) = 0. 
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The following lemma can be obtained by using the similar techniques of [20, Lemma 2.2]. 



Lemma 2.5. Regarding C® n as an C-module under the adjoint diagonal action of C, ifr G £® n 
such that x * r = 0, Vi G £, then r = 0. 

Proof. It is easy to see that C® n is ^Z-graded by 

£® n = E A>i®A»®---®4»»> v P , Pl e^z, * = i,2,---,n. 

P1+P2H hPn=P ^ 

Write r = J2 pe i z r p as a finite sum with r p G £f n . By hypothesis, L * r = 0, which implies 

reC . 

So 

r= ^ c ri , r2 ,.. r „£ ri <g> £ r2 <g> • • • <g> £ r „ (2.16) 

ri+r2H hr„=0 

for some c riif . 2i ... rn G C and .E^ G C n with G |Z, where the sum is finite. 

By 7j * r = for all % G Z, we can get all the coefficients of the terms containing Gf 
for j G Z + \ in (2.16) are zero. (In fact if there exists a non-zero 

i? rn in (2.16) containing some for some j G Z + |, then we can get an index sequence 
(ti,t 2 , • • • ,t n ) G (|Z) n in which tj = if E n = G+ and zero's in otherwise. We arrange all 
such terms (containing some G^) by lexicographic order according to their index sequences 
and consider the first term (also called minimal term) c ri: ... rn E ri <g> ••• £g> E Tn . Clearly the 
coefficient of the first term of all terms in J_i * r which including some Gl- is also c rijr2j ... rn . 
Then c rij1 . 2t ... rn = 0. So all the coefficients of the terms containing G^ for j G Z + | are zero. 
Similar we can consider the terms including Gj .) 

Similarly, by Ii-r = for alH G Z we can get that all the coefficients of the terms containing 
L m for some m G Z are zero. 

Then we can suppose that all terms in (2.16) are only some tensor products of I m for some 
m G Z. By • r = for all q G Z + | we can get r = 0. This proves the lemma. □ 

As a conclusion of Lemma 2.5, one immediately obtains the following result for the Lie 
algebra C 

Lemma 2.6. An element r G Im(l — r) C C <E> £ satisfies CYBE in (2.5) i/ and on/?/ i/ i£ 
safe/ies MYBE in (2.8). 

3. First cohomology group of C in £ <g> C 
Theorem 3.1. Der(£, V) = Inn(£, V), where V = C®C, equivalent^ , H l (C, V) = 0. 

Proof. Note that V = © ig i z Vj is also |Z-graded with Vj = ^2 j+k=i Cj ® £k, where i, j, k G 
|Z. We say a derivation d G Der(£, V) is homogeneous of degree i G ^Z if d(Vj) C V«+j for 
all j G |Z. Set Der(£, V)i = {£> G Der(£, V) | degD = i} for i G §Z. 
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For any D G Der(£, V), % G |Z, w G Cj with j G |Z, we can write D(u) = J2kei Vk e ^ 
with f fc G Vfc, then we set A(«) = fi+j- Then A G Der(£, V)j and 

D=Y,Di where A G Der(£, V)i, (3.1) 

which holds in the sense that for every u G C only finitely many Di(u) 7^ 0, and D(u) = 
Di(u) (we call such a sum in (3.1) summable). 

Claim 1. The sum in (3.1) is finite. 

For any i G Z, suppose = (fi)mn for some i>j G Vj. If 7^ 0}| is infinite, then 

d(L ) = Yliei Lo * Vi = — Ylitz ls an infinite sum, which contradicts d G Der(£, V). Thus 
the claim and proposition follow. □ 

Claim 2. If % G |Z\{0}, then A e Inn(£,V). 

Denote u = — | A(A)) G Vj. For any Xj G G |Z, applying A to [L ,Xj] = — jx^, 

using di(xj) G Vj+j and the action of L on Vj + j is the scalar L \ v . + . = —{i + j), one has 

-(i +j)Di( Xj ) - (-lp^ Xj • A(A) = -jDi( Xj ), (3.2) 

i.e., Di(xj) = u inn (xj), which implies A is inner. 

From the above we see that Theorem 3.1 follows from the following proposition. 

Proposition 3.2. Der(£, C ® £) = Inn(£, C <g) £) . 

Proof. For any A £ Der(£, £ <8> £) , first we have D (L ) = 0. In fact, using (3.2) with 
i = 0, we obtain x * D (L ) = 0, V x G j G |Z, which together with Lemma 2.5 gives 

A(A) = 0. 

Now we shall consider Der(£o) £ ® £)o- 

Since A(Ai) £ (A) ® A)) © (®v Ye{G±} ® where & U direct sums are as A _m odules, 
from Proposition 2.3, 2.4, we see that 

Der(£ g , £® £)o = Der(£ 5 , A ® A)o- 
For any n G Z , one can suppose that 

A(A>) = (na + 7)/ ® 4 + (na f - 7)4 <8> io, (3.3) 

A(/n) = /3Io®In + filn®Io, nGZ, (3.4) 

for a, a^, /3, ^jgC since D (L ) = 0. 

Since [L n ,G±] = (I n -r)G^ +r , [/„,G±] = ±G± +r and (3.3), (3.4), then we can suppose that 

where all sums are finite and all coefficients are in C. 
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Applying D to [L 2r ,Gf] = 0, we obtain 
[L 2r ,D (Gf)\ 

= -(±(2ra + 1 )(I ®Gf r + Gf®I 2r )±(2ra- 1 )(Gf r ®I + I 2r ®Gf)). (3.5) 

However, the max{i | c r ^d n ^ 7^ 0} < and /=min{i | c r ^d n ^ 7^ 0} > — 2r. Moreover if 
/ = — 2r, then I^ 2r <giGf r is in the left side of (3.5). It is impossible. By similar consideration, 
we obtain I = 0. Then we have D (Gf) = o ± Iq <g> Gf + b ± I <8> Gf for some a ± , b ± & C, and 
a — ofi — 7 = 0. 

Applying D to Gj] = 2L r+s + (r — s)I r + s , we obtain /3 = /3 t = and a + = — a~ = 
6 + = — b~. Then replaced -D by D + a + u inn for u = I ® I , D = 0. □ 

4. Lie super bialgebra structures on Lie superalgebras 

In this section, we shall consider Lie super bialgebra structures on the N = 2 superconformal 
Neveu-Schwarz algebra. First we have 

Theorem 4.1. Every Lie superbialgebra structure on the centerless N = 2 superconformal 
Neveu-Schwarz algebra C is triangular coboundary. 

First we prove the following lemma. 

Lemma 4.2. If r eV satisfies x *r G Im(l -r)(ViG C), then r G Im(l — r). 

Proof. Note £*Im(l— r) C Im(l— r). Writer = Eigiz withrj G Vj. Obviously, r G Im(l— r) 
if and only if r-j G Im(l — r) for all i G |Z. Thus without loss of generality, one can suppose 
r = rj is homogeneous. 

If i G §Z*, then r« = —7-^0 £ Im(l — r). For the case i — 0, from Lemma 3.5 in [13] 
and Jo * f £ Im(l — r), one can write 

r = E c p G+ (g) Gl p + E <g> 

where the sum are all finite. Since the elements of the form u 3;P := G p ® GZ P — GZ P <S> G p are 
all in Im(l — r), replacing v by t> — u, where u is a combination of some u 3jr , one can rewritten 

as 

r<s= E a p G;®G~_ p , (4.1) 

Since the sum is finite, so there exist s,t G Z + |, such that 

ro= E ® GZ p , (4.2) 

s<p<i 

with a s , a t 7^ 0. 

However by I\ * r G Im(l — r) C Ker(l + r), we have 



;i + r) E ® G =p - Gj ® Gl p+1 ) = 0. (4.3) 

s<p<t 
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It is a contradiction with the fact that a t ^ 0. Then one has a p = 0, V p e Z + |. Thus 
the lemma follows. □ 



Proo/ 0/ Theorem 4-1- Let (£, [■, •], A) be a Lie superbialgebra structure on £. Then A = A r 
is defined by (2.4) for some r e Vg. By (2.2), ImA C Im(l - r). Thus by Lemma 4.2, 
r G Im(l ® 1 - r). Then (2.2), (2.9) and Corollary 2.6 show that c(r) = 0. Thus (£, [•, •], A) 
is triangular coboundary. □ 
Now we return to consider Lie superbialgebra structures on C. As that in Lie algebra case 
(see Lemma 5.2 in [17]), we have following lemma. 

Lemma 4.3. Let L be a Lie superalgebra such that L L , (L®L) L and H 1 ^, L) = 0. Then for 
any one dimensional central extension L of L, there is a linear embedding from H l (L, L <g> L) 
into H l (L,L® L). In particular, if H l (L, L <g> L) = 0, then H l (L, L ® L) = 0. □ 

With Lemma 4.3 and Theorem 4.1, we obtain the following results. 

Theorem 4.4. Every Lie superbialgebra structure on the N = 2 superconformal Neveu- 
Schwarz algebra £ is triangular coboundary. 

Remark 4.5. The above methods can also be used to investigate such structures on the N = 2 
superconformal twisted, topological, Ramond algebras with no complicated calculations as in 
[7, 12, 23]. 
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